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The investigation of stationary whistler wave propagation in the framework of generalized nonlinear Shrödinger 
equation (GNSE) including fourth-order dispersive effects and saturable nonlinearity is performed. A novel class of 
whistler waveguides with a curved wave front is predicted. Necessary condition for different nonlinear structures 
formation, their spatial profile and stability properties are studied both analytically and numerically.
 
Spatial structures and self-focusing effects of 
electromagnetic beams propagating in media with 
saturable nonlinearity are usually described by nonlinear 
Shrödinger equation [1,2]. However in magnetized 
plasma different wave branches occur very anisotropic in 
a space of wave vectors. As shown in [3] for stationary 
whistler wave propagation along the external magnetic 
field the forth order dispersion effects in the perpendicular 
direction become crucial when wave frequency is 
approximately equal to a half of electron cyclotron 
frequency. Here we show that saturation of nonlinearity is 
also very essential because taking into account both 
effects one can find wider class of nonlinear structures. In 
the case of whistler wave propagation in F-layer of 
ionosphere the main nonlinear effect is connected with 
plasma heating and additional ionization is strong wave 
field [3,4]. 
In this work we study spatial structure of plane 
electromagnetic beams propagating in z direction which is 
described by the GNSE of the form  
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In Eq (1) ψ  is the dimensionless field envelope, z and x 
are dimensionless coordinates in direction of propagation 
and in perpendicular direction. The normalization is 
chosen in such a way that solutions of our nonlinear 
problem depend on one parameter K. For saturable 
nonlinearity the condition 12max <ψK  is assumed. 
Note that Eq. (1) may also describe ultrashort and 
ultraintense laser pulses in monomode optical fibers 
propagating in z direction with group velocity (when x 
corresponds to time variable [6]). 
The Eq. (1) has three integrals: number of quanta  
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We have found an exact stationary soliton solution for 
which momentum (4) is zero in the form  
( ) ( ) ( )×= −− xzzhtx )(cosh2, 12/1 µψ  
          ( ) ( )[ ]xzzizi )(coshln)(exp µγϕ +    (5) 
for fixed value of the coefficient K=7/18. Then the 
soliton parameters are: µ2=1/8, γ2=5, λ=-9/16, h=3/2. 
In application to nonlinear optics the phase of this 
soliton changes nonlinearly with time and we shall 
refer solitons of this type as chirped solitons. For 
stationary waveguides this nonlinear phase 
dependence corresponds to a curved wave front. Using 
the profile ψ(x,z) defined by (5) as a trial function, the 
approximate evolution of wave – packets was 
investigated by means of variational approach [6,7]. It 
predicts that the stationary solutions (solitons or 
waveguides) and their stability properties follows 
from the qualitative behavior of curves 
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µ +−±=  for ordinary (γ=0, 
µ=µ0) and chirped (γ≠0, µ=µc) solitons. Here N is a 
number of quanta, b=15/(16|K|), d=5/K, p=4/K, 
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Fig. 1. An energy dispersion diagram for different 
values of K: ordinary solitons. Circles indicate points 
for which soliton profiles are presented at Fig. 2 
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p0=21p/4, d0=3d/2.  
We also integrated stationary and nonstationary GNSE 
numerically in order to check the predictions of 
variational analysis with trial function (5). An energy 
dispersion diagram (EDD) for ordinary single – humped 
solitons (dependence N(λ)) is shown at Fig.1. Dashed 
lines correspond to the dependencies predicted by 
variational approach. It is clearly seen that: (i) 
approximate variational results are in excellent qualitative 
agreement with the results of numerical simulations, no 
matter that all these solitons have oscillating tails while 
the trial function is smooth, (ii) when K increases, the 
region where solitons exist decreases (when K>1.5 
solitons disappear, as it follows from the linear 
asymptotical behavior of any localized solutions: λ<-
0.25). All single – humped ordinary solitons were found 
to be stable. Examples of these solitons are shown at 
Fig.2. Fig. 3 presents EDD for chirped solitons. They are 
stable when 0>∂∂ λN and unstable in the opposite 
case. Dashed line corresponds to the prediction of 
variational approach. It is clear that variational analysis of 
chirped solitons with trial function (5) is not as accurate 
as for ordinary solitons, and numerical simulation is only 
the way to investigate this novel class of soliton solutions. 
The frequently employed trial function with Gaussian 
chirp dependence would give the completely wrong 
results. An example of stable stationary chirped soliton is 
presented at Fig. 4. 
Following [3,4] we have found that for whistler wave 
propagation in the F-layer in ionosphere the main 
parameter K in equation (1) is approximately equal to 
( )222 41 ωeΩ−  (where ω is wave frequency and Ωe is 
electron cyclotron frequency) in the case when 
2eΩ≈ω . Thus the necessary condition (K<1.5) for an 
existence of novel class of nonlinear whistler waveguides 
(ducts) is fulfilled. Our analysis may be also of interest in 
application to nonlinear fiber optics where nonstationary 
chirped pulses are widely used for pulse compression [5]. 
In conclusion, we have investigated both analytically 
and numerically an existence and stability of localized 
soliton solutions of Eq. (1) with the fourth – order 
dispersive term of the same sign as the second one and 
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Fig. 2. Single – humped ordinary solitons found for 
K=0.3, λ=-0.65. Both solitons are stable -1.0
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Fig. 4. Stable chirped soliton found for  
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Fig. 3. An energy dispersion diagram for different 
values of K: chirped solitons. Circle indicates point 
for which soliton profile is presented at Fig 4 ounting for the saturable local nonlinearity. We 
e found different stable solitons with nonlinearly 
nging phase as well as with constant phase.  
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